Durational Kripke Structures (DKS)
A durational Kripke structure S is Q, R, l where
• Q is a (finite) set of states,
• R ⊆ Q × I × Q is a total transition relation with duration
• l : Q → 2 AP labels every state with a subset of AP .
I is the set of intervals of the form "[n, m]" or "[n, ∞)"
(with n, m ∈ N)
AP is the set of atomic propositions
Semantics of DKS
A transition q [n,m] − − → q in the model means that "moving from q to q
The behaviour is:
A path π in a DKS is:
The length of a finite path π = q 0 

Variants of DKS in literature
• tight DKS : all intervals are singletons (q d − → q). "state graphs" in [AH94] or "timed KS" in [ET99] .
• small-step DKS (ssDKS): all steps have duration 0 or 1.
Similar to "KS + tick" in [LST00] and KS in [EMSS92] .
We have two specific properties over the small-step DKSs: "whenever a notification is received, either publication or submission occurs in less than 150 days ? "
Definition of TCTL
TCTL formulae are built from:
• atomic proposition (For ex. Submission, Notification, Publication)
• boolean combinators (∧, ∨, ¬)
• EX operator
• E U ∼c and A U ∼c + all the standard abbreviations: AG ∼c , AF ∼c etc.
q |= EϕU ∼c ψ iff there is a run π :
Time(π |n ) ∼ c, q n |= ψ, and q i |= ϕ for all 0 ≤ i < n Definition of TCTL TCTL formulae are built from:
"whenever a notification is received, either publication or submission occurs in less than 150 days ? " Reduction from KNAPSACK [GJ79] : given a finite set A = {a 1 , . . . , a n } of natural integers, and some target D, is there a subset A of A s.t.
This is the case iff q 0 |= EF =D P in the following DKS:
Model-checking TCTL ≤,≥ Let TCTL ≤,≥ denote the fragment of TCTL where equality constraints on modalities are not allowed:
Theorem: Model-checking TCTL ≤,≥ over DKSs can be done in time O |S|
2
.|ϕ| .
Idea of the proof:
It is enough to extend the classical CTL algorithm with decision procedures running in time |S|
2
. log c for each modality E P 1 U ∼c P 2 and A P 1 U ∼c P 2 .
Model-checking TCTL ≤,≥
Decision procedure for ϕ = E P 1 U ≤c P 2
• We restrict to the subgraph where only states satisfying E P 1 U P 2 have been kept, and where we only consider the left extremity of intervals on edges.
• Then for every state q we compute the smallest duration (call it c q ) of a path from q to some state satisfying P 2
This can be done in time O(|S 2 |) using a classical single-source shortest paths algorithm.
Then q |= ϕ iff c q ≤ c.
Decision procedure for ϕ = E P 1 U ≥c P 2
There are 2 ways a state can verify ϕ:
• a simple path (i.e. with no loop). Similar to the previous case.
• with loops:
We add a new proposition P SCC + (P 1 ) labeling every state that belongs to a strongly connected component with duration > 0, satisfying P 1 .
Then: q |= EP 1 U ≥c P 2 if q |= EP 1 U(P 1 ∧ P SCC
Other operators can be handled in a similar way.
Model-checking TCTL
Proposition: Model-checking TCTL over DKSs is in ∆ p 2 .
∆ p 2 is the class P NP of problems that can be solved by a deterministic polynomial-time Turing machine that has access to an NP oracle.
Proposition: Model-checking TCTL over DKSs is in ∆ p 2 . ∆ p 2 is the class P
NP
of problems that can be solved by a deterministic polynomial-time Turing machine that has access to an NP oracle.
This proposition is based on the following lemma:
Lemma:
Model-checking formulae of the form E P 1 U =c P 2 or A P 1 U =c P 2 over DKS is in NP.
Let Φ π : R → N be the Parikh image of π, i.e. the number of times each transition is used in π.
• Φ π can be encoded in polynomial size
• Given Φ : R → N, we can decide in polynomial time whether Φ corresponds to a witness of q 0 |= EP 1 U= cP 2 .
(Euler circuit Theorem + verification of propositions + verification of the length)
Verifying E P 1 U =c P 2 can be done in NP.
Complexity of TCTL model-checking
Theorem:
Model-checking TCTL over DKS is ∆ 
. . .
where each F i is a 3-CNF. I defines a unique valuation v I of the variables in X where:
; Deciding whether v I (x n ) = .
SNSAT can be reduced to TCTL model-checking.
∆ p 2 -hardness of TCTL model-checking
With every disjunct m α i,l,m we associate a clause C i,l of the form x i ∨ m α i,l,m . Let Cl be {C 1 , . . . , C r } the the resulting set of clauses.
Fix some K > 11. To variables u ∈ X ∪ Z and clauses C ∈ Cl we assign weights s(u) and s(C) given by:
A multiset M of variables and clauses has weight s(M) = x s(x) × M(x).
. . . 
